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Relative Value in Rates: presenting and challenging the Gauss+ model

In this article, we introduce the Gauss+ model for the yield curve. The model belongs to a wider class of models
called Affine Term Structure Models (ATSMs) which serve the purpose of modelling the short rate for the pricing
of risk-free term structures. These models typically link the short rate to a set of factors, either latent (as in the case
of Gauss+) or observed. We explain the intuition behind the model, implement a calibration scheme, and discuss
the results on empirical data from three term structures of government bonds, particularly those of U.S. Treasuries,
U.K. Gilts and German Bunds. The model’s residuals are tested as a relative value indicator to trade the entire yield
curve relative to two benchmarks that are chosen as exactly priced.

A brief introduction to yield curve modelling: why model the short rate?

Yield curves are high-dimensional objects. There is in principle a different yield for every maturity, and these move
together in complex, correlated ways. Before introducing any type of model, the natural starting point is the short
rate 7y, the instantaneous risk-free rate corresponding in practice to the overnight policy rate set by the central
bank. Under no-arbitrage, the price of a risk-free zero-coupon bond maturing at 7'is:

P(t,T) = EQ [e—ftTrsds]

Why is this the case? In asset pricing language, the discounted price process is a martingale under Q, and since
P(T,T) = 1, the above follows. More intuitively, if we put 1 unit of cash in the money market account paying the

T
short rate continuously, we get el 7595 units of cash at time T If we want to answer the question “how many units
of cash do I need to deposit now to get one unit of cash at time T?” then we need to have an expectation for what

the value of the compounding factor will be between t and T. Hence the formula above.

This equation contains everything. The entire term structure of risk-free rates is determined by the expectation of
the short rate’s future path under the risk-neutral measure Q. Modelling 7; is therefore sufficient, since it is the
object from which the full curve can be recovered. The practical challenge is choosing the model’s specification.
The class of affine term structure models (ATSMs) solves this exactly. In ATSMs, 1, is modelled as an affine
function of a vector of latent state variables X;. Those latent state vatiables ate then assumed to follow a diffusive
process of the form:

dX, = a(X,)dt + b(X,)dW,

Where the drift coefficients a(X;) and b(X;) are assumed to be affine in X;. If the short rate can be written as an
affine function of X;, then as Dai and Singleton (2000) have shown, bond prices can be written as exponentially
affine to X;:

P(t,T) = e~ (T=O[AT-O+B(T-1)'X¢|
where A(T — t) and B(T — t) are deterministic functions of maturity. Equivalently, yields are determined by:
y(t,T) = A(T —t) + B(T — t)'X,

A particular choice of a(X;) and b(X;) is that of Ornstein-Uhlenbeck models, where:
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Gauss+ is a three-factor Gaussian affine model with state vector X; = (1, mg, ;): a short factor identified with
the current policy rate, a medium factor capturing near-term rate expectations, and a long factor reflecting long-
run equilibrium beliefs. The short-term rate is specified as a cascade of three latent factors:

dry = —a,.(r, —my)dt

where dW! and dW? are two independent standard Brownian Motions defined under the risk neutral measure Q.
The cascade structure implies that: the short-term rate 7, mean-reverts to the medium-term factor m;, which in
turn mean-reverts toward the long factor [y, which mean-reverts toward the long-run nominal equilibrium p. The
stronger the mean reversion speeds (&, @y, @), the quicker the pull of each factor to its anchor. The cotrelation
parameter p between the two Brownian motions captures the empirical co-movement between medium and long-
run shocks to the two factors. Note that, with the model as it is described above, only m; and [; carry diffusion
terms. In other, more advanced versions of this model, each factor carries its own diffusion term, including the
short rate.

By no-arbitrage, these dynamics fully determine the price of every bond in the economy, and therefore every yield
at every maturity. The zero-coupon yield at time t for a bond with maturity T is:

yt(T) = ,U.(l - 1T)/(Tr Qf)) - C(T' a, O-) + V(T; a)TXt

where X; = (1, mg, ). The vector Y (7, &) contains the factor loadings, deterministic functions of maturity that

. .. . 1—e~ %"
desctibe how sensitively each yield responds to each factor. They take the form y; (7, @) = Eap— tend to one as
i
7 — 0 and decay to zero as maturity grows, at a rate governed by the corresponding @;. The term C(7, @, 0) is
positive for any T and it is a convexity correction that pushes yields below pure expectations. The factor loadings
give the model its economic interpretability. At short maturities y,-(T) dominates, at intermediate maturities ¥y, (T)
dominates and so on.

We do not report the full derivation of this result, nor the formulas for compactness, and we address these in the
appendix uploaded online.

Building intuition on the parameters

In order to build more intuition on how each parameter shapes the term structure, we will now see how both the
spot and 1-year forward curves change when we stress the various parameters and factors. First, we consider a
base scenario, relative to which we perform stress tests. In this base scenario, we set the factors at 3.0%, 4.0%, and
5.0%, for the short factor (73), the medium factor (m;), and long factor (l;) respectively. We then assign values
for the short rate mean reversion speed (a,,=1.0547), the medium factor mean reversion speed (@, =0.6358), and
the long factor mean reversion speed (a; = 0.0165). These values represent the speed at which each value reverts
to its anchor.
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We also assign values to the volatility of the medium factor (0,,= 109.2bps) and to the volatility of the long rate
factor (0; = 96.4bps). In addition, we set p = 0.2, which is the correlation between the two Brownian motions.
These last three factors affect the variance of the stochastic integral that is put into the exponential defining the
price of a zero-coupon bond at maturity T. As the exponential function is convex, by Jensen’s inequality, prices of
bonds with longer maturities are greater than what they should be in a zero-volatility scenario. This makes the long-
maturity bonds yield lower with respect to the rest of the cutve, as for a given level of (0,y,, 07) their volatility is
higher than in the rest of the curve. For the long-run target of m;, we set 4 = 10.055%.

Base scenario only

Model spot curve Model forward curve

5.00% — Base

The plots above show the model spot and 1-year forward curves in the base parameter set. As we can see, even if

U is above 10%, yields go down for long-term maturity bonds due to convexity. For the spot curve, we notice the
decrease at the 20-year mark, while for the forward curve right after the 10-year mark.

When we stress the three factors, we increase each of them by 1.0% in separate scenarios, analysing how both
curves change. As the short-term factor changes, we see how the spot curve changes only in the front end, as 1
mostly drives short-maturity bond yields. Looking at the forward curve, we notice just a small difference in the
front end, with the stressed cutrve above the base one.

o e S

Model spot curve Model forward curve

ZCB yicld

When it’s the medium factor (m;) that we stress, the stressed spot curve starts just above the base, but it’s steeper.
The reason is that now we are making 13 revert to a higher value of m; in the same timeframe. Regarding the long
end of the curve, they are similar, with the base curve sitting just below. The forward curve looks like the previous
one: the only difference we notice is the base curve below the stressed for longer maturities, but not by much.

Base (1, My, ) = (3.0%, 4.0%, 5.0%)
Stress (e, me, Ie) = (3.0%, 5.0%, 5.0%)

Model spot curve Model forward curve

— Base

ZCB yield
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The two curves change by more when we stress the long factor. In fact, not only is [; the value at which the long-
term yields revert, but it also influences the short rate and the medium factor. As the long-term anchor for these
two increases, we expect the stressed spot curve to be above the base one, even though they start from the same
value. Looking at the forward curve, we notice how the stressed one is steeper at short maturities, as the short and
medium-term factors revert to a higher value. The convexity effect that makes curves downward sloping is
relatively unaffected by the shift in ;.

Base (1, My, ) = (3.0%, 4.0%, 5.0%)
Stress (e, My, Ie) = (3.0%, 4.0%, 6.0%)

Model spot curve Model forward curve

— Base — Base

6.00%

I-year-forward Rate

Source: BSIC

We also report what the curve would look like if we set different (13, my, l;) altogether. In particular, we show two
sets of factor values that make the curve inverted. We report both a scenario in which they take the values (5.0%,
4.0%, 3.0%) and a scenario in which we have (8.0%, 6.0%, 5.0%).

Base (1, My, ) = (3.0%, 4.0%, 5.0%)

Stress (e, My, Ie) = (5.0%, 4.0%, 3.0%)
Model spot curve Model forward curve
s.00% [— — Base
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Source: BSIC
Base (re, My, ) = (3.0%, 4.0%, 5.0%)
Stress (e, e, Ie) = (8.0%, 6.0%, 5.0%)

Model spot curve Model forward curve

7.00% Stress 600%

Source: BSIC

The two curves look completely different, as expected. Nonetheless, we still see the effect of convexity for long-
term maturities. Notice how in the second scenario, the stressed forward curve and the base forward curve overlap
after the 8Y mark. Analysing the spot curves, also notice how they tend to the same value for long-term maturity
bonds. These similarities are given by the fact that both the base and the stressed version have the same value for
l; = 5.0%. The key point to make here is that shifts in these factors affect the path that the short rate will take and
hence the rest of the curve.

We now turn our attention to the mean reversion parameters & = (@, @y, @;), analysing what happens to both
curves when we stress them, remembering that these values represent the speed at which yields tend to their
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respective anchors. We must mention that the longer-term parameters cause larger shifts in both curves, so we
stressed them by different values.

Starting with the mean reversion speed of the short rate, we stressed it by 0.5. As expected, the most relevant
changes for both curves are in the front-end, with the stressed curves being slightly above, even though they start
at the same point. We then increased the medium-term parameter mean reversion speed by 0.3. The spot curve
does not show significantly bigger shifts than when we stressed &, upwards by 0.5, with just a little hump near the
10-year mark. The same applies to the forward curve.

Base short rate mean reversion = 1.055, Stressed = 1.555

Model spot curve Model forward curve

5.00% — Base — Base

ZCB yicld

Model spot curve Model forward curve

Stress 5.00% Stress,

Source: BSIC

However, it is interesting to see what happens when a; increases by as little as 0.005. Both curves overlap at the
front-end, while the stressed sits above the base for longer maturities. As the long factor’s mean reversion speed
is higher, [, is expected to revert to i at a quicker pace, so both curves show higher yields in the long end. It is also
worth noting that stronger mean reversion to an anchor lowers the variance of the object it refers to; this feeds
down to the variance of long-end yields, pushing it downwards. Because of this, convexity becomes less valuable
and its impact on the long end of the curve diminishes in magnitude, via the convexity term C (7, @, 0) mentioned
earlier.

Base long rate mean reversion = 0.017, Stressed = 0.022

Model spot curve Model forward curve
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Source: BSIC

We now analyse the consequences of an increase in shifts in the factor volatilities and the correlation parameter.
Stressing 0y, by 100 bps we see a downward shift in both curves, starting at the medium-term maturities. Greater
factor volatility means greater short rate volatility, which strengthens the value of convexity. As this is most
pronounced for long-term bonds, the effect is most visible in the long end of the curves. This effectis even stronger
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when we stress 0; even by just 10 bps. While the front end changes by relatively little in this example, stressed
forward curves are much more humped than in the base scenario, and the spot term structures are shifted lower
in the long end.

Base medium rate volatility = 109.2bp, Stressed = 209.2bp

Model spot curve Model forward curve

— Base — Base

Stress 5.00% Stress,

2 a00% -

Model spot curve Model forward curve

— Base

A very similar effect can be noticed when the correlation p between the two Brownian motions is shifted upwards.
This is because higher p leads to the same effect on the variance of the short rate as an increase in one of the two
factor volatilities. The long end is priced at lower yields because convexity becomes more valuable.

Base correlation = 0.20, Stressed = 0.80

Model spot curve Model forward curve

5.00% — Base — Base
Stress 5.00% Stress

Lastly, we analyse the effect of an increase in the long-run nominal target ¢t by 2.0%. As expected, the longer the
maturities, the more both curves are pushed upwards to higher yields. Variations in the spot and in the forward
curves are very similar, with the stressed above the base starting at short/medium maturities. The role of convexity
in pushing down yields at the long end remains unchanged.

Base long-run target = 10.05%, Stressed = 12.05%

Model spot curve Model forward curve

— Base

Stress. Stress
5.00%

ZCB yield

400%

Source: BSIC
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Calibrating the model

We now turn our attention to calibration. We follow the approach proposed by Tuckman and Serrat (2022). The
approach is based on a stagewise calibration of the parameters of the model, starting from mean reversion
parameters @ = (&, @y, @;), then moving onto factor volatilities and correlation inputs — given calibrated a —
which we denote by a vector 0 = (0, 07, p), and lastly calibrating u given both @, o to fit the spot cutve as closely
as possible.

The first stage of the calibration attempts to find, for a given candidate value of ., the values of @y, a; that best
match the empirical betas of a regression (in first differences) of all tenors in the spot term structure against two
benchmark spot yields. Indeed, the model provides a closed form expression for a set of model-implied regression
betas that only depend on a. We pick @ to make model-implied betas match empirical betas as closely as possible.
In our case, we choose the 2-year and 10-year spot yields as benchmarks, and we regress the first difference of
every other yield in the term structure onto the first difference of these two benchmark spot yields. Since this beta-
matching approach only looks for an optimum over (@, @;) and assumes @, as a given candidate value, we add
a grid-seatrch step over a very fine grid of possible values of a, and we pick the triplet (&, @y, @;) that altogether
best matches empirical betas of all yields.

Once a has been calibrated, we apply a similar procedure to 0. In particular, the model implies an explicit form
for the variances of each yield, which only depends on @ and o. In principle, we could use the calibrated a and
attempt to pick a vector o that best matches empirical variances to model implied variances; this is also what
Tuckman and Serrat (2022) present. However, we also tested a calibration procedure that matches the full empirical
variance-covariance matrix of all yields in the term structure to the model-implied variance-covariance matrix. In
order to understand which one performs better, we tested both in a simulation environment to see if they recover
the true parameters that we set for 0 when generating simulated term structures following the equations we
introduced earlier. We will review the simulation results shortly after having introduced the rest of the calibration
procedure.

The reader may also be wondering why we’re calibrating mean reversion parameters of a process defined under
the Q-measure to empirical mean reversions (a set of [P quantities). The same question could be raised about
diffusion parameters, which have been set to match as closely as possible empirical yield variances (a set of P
quantities) and not a market input like swaption volatilities. As for diffusion parameters, the reason is that we
specified diffusion to be constant. If we had instead chosen any form of state-dependent or stochastic volatility
process, then we would have needed to calibrate volatilities under the Q-measure to a market input. For what
concerns mean reversions, by setting them as equal across measures, we’re implicitly assuming that any risk
premium linked to the three factors is constant and not state-dependent, which would make mean reversions
identical across the [P and Q measures. This can be proven easily in a one-factor model such as the Vasicek model.
We refer the interested reader to Rebonato (2016) for more information on how the presence of a risk premium
affects parameters across measures.

Once a and ¢ have been calibrated, we can turn our attention to 4. Given a full parameter set (@, g, it), and the
assumption that two spot (or forward) rates are perfectly priced by the model, one can extract the path of latent
factors (1, my, l;) implied by the parameter set and the choice of rates that are petfectly priced. More precisely, a
simplification to our approach is that we assume 73 to be observed and equal to a policy rate. When fitting the
model to U.S. Treasury yields, we anchor 13 to the Effective Fed Funds Rate; for the Bund curve, we use the ECB’s
Main Refinancing Rate; for the U.K. Gilt curve we use the Bank of England’s Bank Rate. Anchoring one of the
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three latent factors to an observed policy rate implies that if we pick a pair of spot or forward rates, we may be
able to obtain a 2-by-2 system of linear equations linking that pait of observed rates to m; and ;. This is how we
extract My, [, given a parameter set (@, g, u) and a choice for the pair of rates to be used as benchmark for the
extraction.

Given (1, mg, l;) and a given parameter set, one can price the entite spot term structure (ot even the entire forward
surface). So we also have a clear mapping from a candidate y to the model term structure that corresponds to it,
given a choice of & and ¢ from the previous calibration stages. We simply pick y in order to minimize the sum of
squared errors between model-implied and actual yields on each day ¢, applying exponential smoothing so as to
give less weight to past data. Following the recommendations in Tuckman and Serrat (2022) we apply a smoothing
factor of 0.8/year, meaning we give a weight of 0.8 to a 1-year-old obsetvation of squared etrors, a 0.64 weight to
a 2-year-old observation, and so on.

For what concerns the choice of points from which we extract latent factors, we choose — once again following
the recommendation of Tuckman and Serrat (2022) — the 2-year forward and 10-year forward 1-year rates. An
alternative criterion would be to choose the 2-year and 10-year spot rates, but this would make the model
predictions of those two yields match exactly the observed values, thus eliminating potential trading opportunities
in these two points of the spot curve. Moreover, making the latent factors track a pair of forwards of a 1-year rate
gives them a more intuitive interpretation: they could be thought of as a measure akin to an interest rate target.

In order to give the reader a better understanding of the pitfalls of this calibration procedure, we report some basic
results on how the calibration procedure performs on simulated data. For a given choice of true (@, o, 1), we
simulate paths of sample size 2000 days of the three factors, under the assumption that their data generating process
(DGP) is the one described by the cascade-form equations of the model. Then, we compute observed yields of the
whole term structure and attempt to feed these simulated yields to the calibration scheme, to understand if — when
the data truly follows the DGP we assumed for the term structure — we may recover the true parameters with
sufficient precision.

The base parameter set we use is taken from a real-world calibration example shown in Tuckman and Serrat (2022).
We then try different parameter sets with different mean reversion speeds, factor volatilities, correlation values,
and long-run targets. To gain a better understanding of the mean reversion speeds, one can refer to the shortcut
to compute the half-life of the OU process with In 2 /a. For example, a value of a,, = 1.055 implies that 7, should
take In 2 /1.055 = 0.657 years to reach the cutrent level of m,. In each experiment on each parameter subgroup
a, o0, i, we take different values of parameters within the subgroup and fix the other parameters’ values to those
of the base set. To get a broader picture of how effective the calibration scheme is, one should test it with a much
larger array of parameter sets, and with different realizations of the Brownian Motions involved in the DGP. We
report a few simple examples with a small number of parameter sets for intuition.
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Parameter group Base Values tested

(1500, 1.000, 0.010)
(1.500, 1.000, 0.017)
(alpha_r, alpha_m, alpha_l)  (1.055, 0.636, 0.017) (1.500, 0.850, 0.010)
(0.700, 0.400, 0.010)
(0.700, 0.600, 0.010)

(54.6bp, 48.2bp)
(54.6bp, 144.6bp)
(163.8bp, 48.2bp)
(163.8bp, 144.6bp)

2.64%
5.28%
mu 10.55% 7.92%
13.19%
15.83%

(sigma_m, sigma_l) (109.2bp, 96.4bp)

We find that the recovery of u is not the true bottleneck of the procedure. The calibration results show attempts
to calibrate p to the observed (simulated) term structure with perfect knowledge of the undetlying (a, o). We
report the results that we would obtain with (@, ¢) being taken from the base parameter set, but we observed
similar evidence with the other parameter sets as well. The calibration scheme, when fed the right values of (a, o)
correctly recovers the true value of i and the true path of the latent factors. So in principle, with a good calibration
scheme for both mean reversions and volatilities, we could get a great fit to .

Calibration outcomes for alpha

alibration]outcomes for mil True alpha_r 1,50 1,50 0,70 0,70

avg. M factor error (bps) | 0,0000  0,0000  0,0000  0,0000 0,000 True alpha_m 1,00 0.85 0,40 0,60

avg. L factor error (bps) | 0,0000  0,0000 00000 00000 0,000 True alpha_L 0.01 0.01 0,01 0,01

True mu (%) 26390 52770 79160 13,1940 158320 Alpha_t error 001001 000 0.00

Alpha_m error 0,01 0,01 0,00 0,00

Mu error (bps) 00000 00000 00000 0,000 0,000 Al f e o 000 000 000
Source: BSIC Source: BSIC

What about the precision of the mean reversion estimates? Could they be the weak link of the chain? The evidence
says otherwise. Under different parameter sets, the data on @ shows near-perfect recovery of all three parameters.
We’re confident that errors of the magnitude of 0.01 are simply due to the fact that the grid of candidate @, values
we used in the grid search step to calibrate a is in steps of width 0.01.

The real issue lies in the estimation of 0. We test, for different sets of values of g, the effectiveness of two
calibration schemes: one attempts to match model-implied variances of each yield to observed variances; the other
tries to match the entire model-implied variance-covariance matrix to the observed one. The results are incredibly
disappointing. When matching variances only, the optimizer pushes one of the two volatilities and the correlation
parameter to near-zero values. In order to compensate and obtain valid fit to the spot curve, y is also pushed to
extreme values. When matching the full variance-covariance matrix, the results are slightly more encouraging, but
the scheme still fails to recover the true parameters. However, given the relative improvement over the other
method, we will stick to matching the full variance-covariance matrix when calibrating the model to real data.

We have to acknowledge that this calibration procedure has its own weaknesses. While @ recovery was smoother
than other parts of the procedure, the true challenge remains the identification of g. We’ve seen how perfect
knowledge of & and o would lead to perfect recovery of U, so the real bottleneck truly is the recovery of o.
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Moreover, an implication of the bottleneck in 0 estimation is that 4 must compensate for errors of fit. This is a
key point of caution when reading calibration results from real data.

True sigma_m (bps) 54,6 54,6 163,8 163,8 True sigma_m (bps) 54,6 54,6 163,8 163,8
True sigma_1 (bps) 48,2 144,6 48,2 144,6 True sigma_1 (bps) 48,2 144,6 48,2 144,6
True tho 0,212 0,212 0,212 0,212 True tho 0,212 0,212 0,212 0,212
Sigma_m error (bps) 268,416 325,739 190,42 250,927 Sigma_m error (bps) 45,916 45918 -63,284 -63,282
Sigma_l error (bps) -48,19 -144,589 -48,19 -144,589 Sigma_l error (bps) 53,641 -9,744 53,077 -2,812
Rho etror -0,209 -0,209 -0,209 -0,209 Rho error -0,374 0,455 -0,337 0,493
Alpha_r error -0,001 -0,004 -0,001 -0,004 Alpha_r error 0,001 0 0,001 0
Alpha_m error 0,002 0,009 0,002 0,009 Alpha_m error -0,003 0,001 -0,003 0
Alpha_l error -0,005 -0,005 -0,005 -0,005 Alpha_l error -0,005 -0,005 -0,005 -0,005
avg. M factor error (bps) 25,556 22,091 27,093 25,561 avg. M factor error (bps) 25,556 22,091 27,093 25,561
avg. L factor error (bps) -0,313 -0,244 -0,317 -0,313 avg. L factor error (bps) -0,313 -0,244 -0,317 -0,313
Mu error (bps) -129,415 -1267,211 -140,706 -1299,333 Mu error (bps) 471,453 93,734 453,255 -3,299
Source: BSIC Source: BSIC

Dealing with risk premia

Everything that has been said until now regarding the model has been a statement regarding the Q-world. Our
readers may be wondering if we will also provide a specification of the model under the IP measure. One of the
assumptions of the model as presented in Tuckman and Serrat (2022) is that only the long factor carries a risk
premium, which provides a simple identification procedure. What does this mean in practice? Recall that the
instantaneous drift of any asset under the Q measure is 73. Under P, the drift will embed an additional
compensation for risk, should be larger for bonds that have a higher sensitivity to the long factor (given by their
duration and model factor loadings), and that depends positively on 0; and on a market price of risk 4.

We provide basic intuition for the procedure, and we refer the interested readers to our appendix or Tuckman and
Serrat (2022) for more details. Consider a strategy that at time t buys a zero-coupon bond with maturity T + At
and sells a zero-coupon bond with maturity 7, and liquidates the portfolio at time 7. The returns of this strategy
can be expressed as:

Rf =[p(r,7 + A1) — p(t,t + 47)] — [p(7,7) — p(¢, 7)]

Whete p(t, 7) is defined as the log price of a zero-coupon bond at time t with maturity T (note how this can help
us define forward prices of bonds too). One may re-arrange the expression and divide by AT to re-write it in terms
of two forward rates:

i = i@ - fr(»]AT
Where f; (1) is the forward rate with maturity T and tenor AT. We omit the AT for convenience.

When given a parametric form for 73, one can derive via Ito’s lemma the drift of p(t, T) and express the expected
returns (under IP) of the strategy in terms of the market price of risk of the long factor A and two quantities that
are linked to the choice of T, AT other than model parameters (@, o, ). We will refer to these quantities as amount
of risk terms, one for exposure to the long factor RP; and one for exposure to convexity RP, (which is most
relevant for high-duration items):

EP[RF] = A; - RP4(t,T, A1) + RP.(t, 7, AT)

All the views expressed are opinions of Bocconi Students Investment Club members and can in no way be associated with Bocconi University. All the financial
recommendations offered are for educational purposes only. Bocconi Students Investment Club declines any responsibility for eventual losses you may incur
implementing all or part of the ideas contained in this website. The Bocconi Students Investment Club is not anthorised to give investment advice. Information,
opinions, and estimates contained in this report reflect a judgment at its original date of publication by Bocconi Students Investment Club and are subject to change
without notice. The price, value of and income from any of the securities or financial instruments mentioned in this report can fall as well as rise.
Bocconi Students Investment Club does not receive compensation and has no business relationship with any mentioned company.

Copyright © 2026 BSIC | Bocconi Students Investment Club 10



25lel BOCCONI STUDENTS
e INVESTMENT CLUB Find our latest analyses and trade ideas on bsic.it

Another assumption made in Tuckman and Serrat (2022) that allowed us to write this identity is that A, is a very
persistent process (not necessarily constant) so that one may approximate IEItP(AH s) = A¢. This assumption brings
a massive advantage in terms of analytical tractability even beyond the computation of the risk premium. As we
mentioned eatlier, it can be shown that when 4 is constant the @ parameters under the [P and Q measure coincide,
which means we can use one calibration scheme for both much like we did. However, the plausibility of this
assumption is debatable. Duffie (2002) found that constant-A ATSMs produce yield forecasts that are worse than
those of a random walk. Moreover, significant evidence in Fama and Bliss (1987), Fama and French (1989, 1993)
and Cochrane and Piazzesi (2005) suggests that excess returns on bonds are correlated with a return-forecasting
factor, which depending on the specific paper is either described as the slope of the yield curve or a linear
combination of five forward rates. We refer the interested reader to Rebonato (2016) for a detailed treatment of
the topic.

Sticking with the assumption that IE],?(AHS) ~ A, the next step is conceptual: we assume that beyond a given
horizon far out in the future, views of the short rate are identical. In other words, Ef (rp) = EF (rp4p) for any
h > 0 and for a given T > t. One can show that if we pick two maturities T, 7’ of forwards with tenor AT we can
write:

A¢+|[RP(t, 7', A1) — RP(t,7,47)] + [RP.(t, 7', AT) — RP.(t,7,47)]
At

= (@) = (D] = [E (7)) — EY (1]

If we pick T and T’ to suit the role of T, h mentioned earlier. This means that one can simplify and obtain an
expression for A;:

[/ (@) — (] + [RP.(¢, 7', A7) — RP.(¢t, 7, 47)]

- [RPa(t, 7", ) — RP4(t,7, A7)]

/ltz

So for a given choice of (7, T, AT) one may obtain an estimate of A, that allows to distinguish the P-expected path
of the short rate in the future from the Q-expected path, which is simply a set of forward rates with different
maturities and extremely short tenor. This could be useful to (a) quantify risk premia in the forward curve and (b)
compare the [P-expected path of the short rate to other survey estimates to express a macro view on expectations
in the short rate.

A:+RP,4(t,7,A7) + RP.(t, 7, A7)
At

Ef () = fe(¥) —

The key criticality is the choice of (7', 7, AT). Using the data at hand, we obtained very different estimates of A; in
the same period using different choices of (7,7, AT). As the identification of risk premia is likely to be a topic
deserving a discussion of its own, we do not cover it in more detail in this article and leave as a potential expansion
to be developed in the future. Indeed, we will only talk about Gauss+ as a relative value tool and not as a filtering
scheme to discern risk premia in bonds.

Fitting the model to real data
We use three datasets provided by the Federal Reserve, the German Bundesbank and the Bank of England

containing bootstrapped zero-coupon rates on bonds issued by, respectively, the U.S., German, and UK.
governments. The methodologies they use are similar in principle but differ in the interpolation method used. All
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three central banks fit their choice of model to price a very wide set of bonds, under some filtering criteria (e.g.
applying a filter to exclude specials or to exclude bonds with very short maturities). The Fed and the Bundesbank
use a Nelson-Siegel-Svensson methodology, while the Bank of England uses a spline-based interpolation method.

Could we apply the model to other Euro Government Bond term structures (e.g. Italy or Spain) other than that of
German Bunds? No, as it would be in stark contrast with the premise that we’re modelling yields on risk-free
bonds. The key point is that here “risk-free” is intended relative to all other securities with payoffs denominated
in the same currency. We’re choosing German Bunds to be the risk-free benchmark for the Euro Area. One could
also argue that OIS rates are the true risk-free object we should model, and indeed the model would be applicable
to them as well — since a fixed receiver position in an OIS swap is akin to a long bond with financing.

We chose to use central-bank-produced series of curves rather than performing a bootstrap ourselves as the choice
of the filtering criteria for the benchmark bonds is nontrivial, and similar considerations apply to the interpolation
methods chosen. There would probably be enough material on these two subjects to write a standalone article on
curve construction. If we had chosen to apply the model to swap curves instead, we would have avoided the issue
of defining a filtering scheme. However, we would have had to deal with small sample sizes for USD and EUR
swaps (SOFR swaps started trading in 2018, ESTR swaps in 2019), and with the need to use different OIS curves
for discounting in the bootstrap procedure depending on the sample period (for EURIBOR swaps, we would’ve
used EONIA OIS until ESTR OIS became available). Perhaps we could’ve chosen to work only on GBP SONIA
swaps, but it remains unclear to what extent the SONIA reform of 2018 would’ve caused a structural break in our
data series. These considerations may aid future developments of articles on similar topics.

We fit the model using U.S. Treasury and German Bund data from January 1%, 2014, to December 31, 2021, and
using U.K. Gilt data from January 1%, 2016 to December 31%, 2023. The difference in sample periods is simply due
to the fact that the Bank of England did not report zero rates for maturities above 25 years before 2016. We fit the
model on all available maturities between 1 and 30 years in breaks of 1 year. Since the Bank of England dataset
contains data for more maturities in the front-end of the curve (any yield between 1 year and 5 years in breaks of
0.25 years) we chose to integrate those as well. We found that when given yields of maturities in breaks of 1 year,
the model fits the front-end of the curve relatively poorly. Perhaps this is due to the fact that the front-end of the
curve tends to (statistically speaking) behave in a more independent fashion from the rest of the curve. Perhaps,
when told to optimize (@, 0, i) to match observed empirical quantities related to a set of 30 yields, of which only
4 belong to the statistical cluster of the front-end, the optimization procedure finds an optimum in which the front-
end is poortly fit at the benefit of the rest of the curve. Hence the case for including more front-end yields when
available.

We begin by reporting the parameter estimates for each of the three term structures we examine. The estimated
mean reversion speeds of the short rate are considerably different across term structure, and without further
examination, they would suggest that the short rate reverts to the medium rate most quickly in the U.K. and least
quickly in the Euro Area. Without jumping to conclusions, we can simply attribute this difference to the numerical
distance between estimated m; and the short rate 7 in the sample period: as we will see later, the estimated values
of m; in the Bund term structure stayed negative for a larger part of the sample compared to the other two curves,
and being monetary policy constrained by a zero-lower-bound, the estimation attributes a slower mean reversion
speed to the short rate because it remained far from the medium factor for relatively longer time.
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Parameter U.S.Treasury U.K Gilt German Bund

alpha_r 1,2000 2,0300 0,6600

alpha_m 0,4769 0,4019 0,6477

alpha_1 0,0237 0,0156 0,0214

sigma_m (bp) 69,56 84,23 145,77

sigma_1 (bp) 65,56 71,93 59,75

tho 0,0210 0,2726 0,0926

mu (%) 6,291 9,314 3,537

Source: BSIC

Applying the shortcut mentioned earlier to compute the half-life of the long factor in each of the three term
structures, we see that half-lives extend beyond 30 years in each of the three curves. This is an indicative estimate

of how long it takes for [, to complete half of its path to decay towards p.

Our readers may be wondering why p takes relatively high values compared to the history of interest rates in the
U.K. and the U.S.. A key point to make is that this value is defined under the Q measure, since it is fit to a cross-
section of market prices (observed ZCB term structures). Therefore, it includes a risk premium and under the
assumption of a positive risk premium, we should expect u¥ < u@.

We also briefly comment the quality of fit obtained via the calibrated (&, ) to empirical objectives. We report
below some results obtained on the U.S. Treasury term structure, and we report those for U.K. Gilts and German
Bunds in the appendix.

To assess the quality of fit obtained through @, we compare empirical betas of yield changes in spot yields to yield
changes in the 2y and 10-year spot versus empirical counterparts. The reader may notice how the beta of 2y (10-
year) yield changes in the left (right) plot is 1.0 (0.0) while the one to 10-year yield changes is 0.0 (1.0). The main
conclusion to be made here is that the model produces empirically plausible betas.

Model implied (given best alpha) vs empirical betas from regression — U.S. Treasuries
Fit on betas to 2y spot Fit on betas to 10y spot
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To understand the quality of fit achieved with g, we look at model-implied variances of each yield against their
empirical counterparts. It seems that the calibration struggles relatively more with reproducing empirical variances
in the front end and sometimes also in the long end (especially in the U.K. Gilt curve results). Not much else can
be said about these, as we know from our simulation tests that the recovery of diffusion parameters is the weak
link of the calibration procedure.

We now turn to the results concerning the latent factors extracted by the model. The three charts below display
the time series of the estimated latent factors 13, M, and [; extracted from U.S. Treasury, German Bund, and U.K.
Gilt zero-coupon curves respectively. A key point we must mention is that we calibrated the models on a sample
of 8 years of data, but we’re recovering the factors for all dates in the dataset made available to us.

Estimated latent factors, U.S. Treasury
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Actross all three markets, the charts reveal a set of patterns that are economically intuitive. The long factor [; evolves
as a slow-moving market consensus about the long-run neutral rate: across all three markets it declined slowly and
consistently, before recovering sharply due to the post-2021 inflation. As we mentioned earlier, the short rate 7y is
anchored to the relevant policy rate, tracking central banks’ decisions across the time window.

The most economically interesting factor is m;. Being computed as a function of the 2-year forward 1-year rate, it
acts as the market near-term interest rate target, much like [; is a longer-term interest rate target as it is anchored
to the 10-year forward 1-year rate. It is both more volatile and more forward-looking than the other two. Its key
feature across all three panels is the large spread it creates compared to the [y, duting stress episodes as in 2008-
2009 and 2022-2023. In addition, through much of the 2010s, m; plunges well below both 7; and [;, at times
turning deeply negative even where policy rates remained positive. To explain why the medium factor turns deeply
negative, reaching levels no market participant genuinely expected to see in actual policy rates, we believe it can be
interpreted as a “shadow rate” factor: the rate level that would have been the medium-term target had monetary
policy been unconstrained by a zero lower bound. The model, imposing no lower bound by construction, is free
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to push to whatever level is needed to fit the observed compression in the forward curve. The charts also show
that the direction, rather than level, of the factors may be more interpretable. For example, all three medium factor
time series began trending upwards long before central banks hiked rates in 2022. This is because the factors are
simply a re-interpretation of the market’s (risk-neutral) expectations of the path for monetary policy.

To verify how well the model fits the observed yield curve on a day-to-day basis, we compute, for each day in the
out-of-sample period, the vector of residuals defined as the difference between the observed ZCB yields and their
model-implied counterparts across all maturities. We then report the average root mean squared fitting errors
across maturities and time.

Root Mean Squared Fitting Errors (bps) on U.S.Treasury Term Structure Root Mean Squared Fitting Errors (bps) on U.K. Gilt Term Structure
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Root Mean Squared Fitting Errors (bps) on Bund Term Structure
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The heatmaps of root mean squared fitting errors reveal patterns that are both maturity- and market-specific. We
remember that the in-sample calibration lasts until 2021 for Bunds and Treasuries, and until 2023 for Gilts,
therefore the errors after these dates are particularly significant. All three heatmaps show that the model tends to
misprice the front end more than the rest of the curve. For German Bunds, errors are very large early in the sample,
while between 2017 and 2022 they compress significantly. In the out-of-sample period, and specifically after 2024,
we see that errors deteriorate both at the front end and the long end. For U.S. Treasuries, the out-of-sample
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deterioration is more severe, with front-end errors reaching significant values of 70bp in 2023. The U.K. Gilt panel
shows a less structured pattern, with large errors dispersed across maturities and time periods. Early in the sample
and in the out-of-sample period the model seems to have significant errors in the front end, while between 2018
and 2022 errors appear larger in the long end. The belly remains the most consistent region of the curve across the
full sample.

To close the section on fits to real data, we present a snapshot of the model-implied spot yield curve against the
observed zero-coupon curve as of the last available date in each dataset. Across all three markets the fitted curve
undershoots the actual curve at the very front end. Beyond the front end, the residual structures diverge. For
Bunds, the model is well-fit through the belly but increasingly overshoots the actual curve at long maturities. For
U.S. Treasuries, the pattern is different: the model overshoots the actual curve in the belly, before turning modestly
negative beyond 18Y. For Gilts, the most prominent feature is a sharp -15bp residual at the 5-6Y maturity, the
model sees that point of the curve as significantly cheap. These snapshots are the natural entry point for the relative
value analysis that follows.

Model fit on U.S. Treasuries

Model versus actual zero curve on 2026-04-17
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Model fit on UK. Gilts

Model versus actual zero curve on 2026-03-31
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Model fit on German Bunds

Model versus actual zero curve on 2026-04-10
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Historical Performance of Predictions

Are the residuals valid indicators to trade value in the yield curve relative to the two benchmark forwards we chose?
Before arguing that residuals should indeed be used as a relative value indicator, we ask some questions about their
statistical properties. The first step is looking at their serial correlation. The sample autocorrelation function (ACF)
and partial autocorrelation function (PACF) estimates show that all residual series exhibit autoregressive behavior.
The striking detail is how front-end residuals show near-unit-root structure, which, if indicative of a random walk
process underlying the observed data, would make them less suitable for trading applications. Residuals in the rest
of the curve show relatively more encouraging ACF/PACF estimates, in the sense that their first order AR
coefficients are relatively low and suggest that the half-lives of the signal may be short enough to consider them
valid trading candidates. The plot below shows the ACF/PACF estimates for U.S. Treasury residuals, but the
behavior shown by those of U.K. Gilt and German Bund residuals is qualitatively similar. The differences worth
mentioning are that German Bund residuals exhibit the lowest first-degree persistence estimates (especially for
yields in the 10y-20y sector) while U.K. Gilt residuals display a higher level of persistence across maturities
compared to the other two term structures.

U.S. Treasury curve residuals - ACFs (red) and PACFs (blue) Functions of OOS Fitted Residuals by tenor
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Next, we apply principal components analysis (PCA) to the residuals of each curve to understand the empirical
correlation structure they display across tenors of the same curve. The key similarity is that front-end residuals tend
to move in a relatively independent fashion from the rest of the residuals, as shown by the loadings of the first
principal components, which in all three term structures explain around 2/3 of total variance or more. The second
PCs on the other hand seem to group together yields in the long end and sometimes also in the 10-year-20-year
sector. The third PCs group together a remaining cluster of tenors that are not included in the first two and
sometimes display negative loadings for front-end yields. The first three PCs of each curve explain slightly more
than 95% of total variance across residuals, which suggests that this probe is sufficiently deep to understand the
patterns with which residuals move together.
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PCA on OOS fitting errors, U.S. Treasuries
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PCA on OOS fitting errors, German Bund
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What do we do with this evidence? Well, in an idealistic world we would hope for residuals across tenors to be
perfectly uncorrelated and idiosyncratic, while this is not the case empirically. If we assume the correlation structure
to be the same in the future as well, then we can be more aware of the risk implications of a portfolio that trades
multiple tenors on the curve. We will know that our bets on yields are not independent of one another and thus
the marginal bet may not be adding uncorrelated returns to a portfolio that contains others.

Before we go any further, a key point to make is that the data at hand do not suggest that the residuals are zero on
average. This is a key weakness of the model. A possible cause underlying this observed effect is that the input data
we fed the model come from a smoothing step with higher-dimensional structure (e.g. a Nelson Siegel model with
four factors) which means that residuals coming out of Gauss+ are partly due to the dynamics of the smoother
that the model cannot capture. However, we may still be interested in evaluating how valid the model’s directional
predictions are, and in order not to rely on the unconditional mean of residuals being zero, we test a signal based
on a rolling two-week Z-score of the residuals.

More specifically, we use a 14-day window to compute a rolling Z-Score on each mispricing in
outright/level/butterfly levels. We enter a trade whenever the Z-Score is above a certain threshold. We set our
profit target to a 14d rolling Z-Score of 0, and we fix a stop loss in Z-Score units at inception of the trade. Why
do we set profit targets and stop losses at inception? Using a rolling Z-Score as exit criterion would lead to
mechanical exits from trades because of the passage of time and its impact on the Z-Score. Suppose we observe
an abrupt jump in a residual series, and we enter the trade, updating the Z-score with new rolling mean and standard
deviation estimates every day until it suggests that we shall exit the trade, either because it reverted to zero or
because it hit our stop loss. Quite often we will end up exiting the trade simply because the mispricing value doesn’t
move far from its new level, which makes rolling mean estimates mechanically drift towards the new level with
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time, hence leading to potential premature exits. If we instead set the exit criteria at inception in price terms (e.g.
entry at 8bp, take profit at 6.24bp, stop loss at 9bp), we test a setup that would give a better picture of what we
would do in reality, were we to bring the model to production as a screening tool.

In addition to the rolling Z-Score logic, we add an additional filter to understand what mispricing series have
recently gained reversion momentum. In practice, we compute the difference between a short-lived (5-day) moving
average of the residual series and a long-lived (40-day) moving average and use it as an indication of the direction
of the signal. For example, if the model is flagging that the fair value of the 5-year should be 4.75%, but the actual
datapoint is 4.90% (assume that this is consistent with a given Z-score threshold to enter the trade), we look at the
sign of the reversion signal to understand whether the residual is trending in the right direction. Since we define
residuals as (Actual — Model) we’d hope for the reversion signal to be negative, meaning we’d want evidence of the
residual trending down, with actual yield converging towards model yield.

For intuition, we show an example of how the model would’ve traded the U.S. Treasury 10s30s curve between
2023 and today. From the charts showing the model-implied and observed level of the 10s30s, we see that the
mispricing is currently positive and has been persistently positive since the end of 2024. Nonetheless, the rule we
defined still performed a few trades betting on the local (not global) correctness of the model, in that residuals tend
to revert to a local mean. In the backtest shown, we used a Z-Score of 2 as the entry threshold and we set the stop
loss threshold on a trade-by-trade basis as the entry Z-Score plus 1. As mentioned earlier, the Z-Scores are
calculated with the mean and standard deviation being set at inception of the trade looking back 14 days.

Level of actual versus model Fitting error and reversion
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entrydate _exit date side  entryactual target stopPrice  exitactual entrymisp  exitmisp  entrysignal exitsignal  entryz exit 2 stop reason direction days hit
2023-05-17 _2023-05-18  SHORT 0,41 048 0,38 0,3487 0,0880 0,0579 0,0001 -0,0225 -2,2539 -3,3182 1 stop_loss _-0,0627 1 False
20230630 _2023-07-24 __LONG 0,19 0,08 022 02353 0,062 01711 -0,0343 0,0119 33129 5,6925 1 stop_loss ___-0,0499 24 False
20230906 2023-09-07 __LONG 0,16 0,10 0,18 0,0843 0,0473 -0,0355 -0,0417 -0,0436 2,0404 -0,8606 0 take profit __0,0713 1 True
2023-09-15 20230919 LONG 0,20 0,10 023 02327 0,0869 0,1663 -0,0149 0,0370 2,6567 49126 1 stop_loss 0,035 4 False
20231108 2023-11-15 ___LONG 0,21 0,13 024 0,1205 0,0397 -0,0515 -0,0146 0,0095 2,4593 -0,6847 0 take profit __0,0768 7 True
20231214 20231220 __LONG 0,20 0,15 021 02322 -0,0467 -0,0012 -0,0265 0,0096 2,2990 47153 1 stop_loss ___-0,0372 6 False
2024-03-07 20240315 __LONG 0,29 024 031 0,2039 0,0965 0,0698 0,0374 0,0004 2,083 0,8768 0 take profit___0,0815 8 True
2024-0522 2024-05-28  SHORT 0,17 021 0,15 0,1436 0,0689 0,0621 0,0038 -0,0021 21925 2,6089 1 stop_loss ___-0,0262 6 False
20241007 _2024-10-09 _ SHORT 0,47 0,52 0,45 0,4452 0,1987 0,1836 0,0266 0,0061 25761 33257 1 stop_loss ___-0,0205 2 False
20250409 2025-04-10 _ SHORT 0,49 0,53 0,47 0,583 0,1464 0,1834 0,0253 0,0152 22903 -0,3600 0 take profit 0,095 1 True
2025-06-04 _2025-06-05___LONG 0,63 0,59 0,65 0,5847 0,1493 0,1399 -0,0010 0,0065 2,0511 1,5281 0 take profit __0,0448 1 True
20250715 2025-07-16 _ SHORT 0,61 0,63 0,60 0,6511 0,1472 0,1555 0,0173 0,0130 23923 -1,3821 0 take profit 0,039 1 True
20250717 _2025-07-18 _ SHORT 0,63 0,65 0,62 0,6651 0,1430 0,1624 0,0074 0,0055 2,0067 -0,1103 0 take profit ___0,0333 1 True
20251119 2025-11-21 __LONG 0,74 0,71 0,75 0,7729 0,2289 0,2343 -0,0022 0,0071 2,1034 2,5169 1 stop_loss ___-0,0352 2 False
20251209 2025-12-10 _ SHORT 0,68 0,72 0,67 0,7697 0,1953 0,2685 0,0054 0,0093 2,0760 27663 0 take profit __0,0855 1 True

Two caveats apply to the data we present. First, the object of study in the above plot was a 1:1 weighted 10s30s
position. When implementing this trade in practice, one should instead adopt hedge ratios based on DV01 hedging,
PCA hedging, or — if one feels very confident in how precisely the parameters are estimated and hence the resulting
factor loadings to (1, my, l;) — even with a hedging methodology based on the loadings to the three factors. Recall
that the three factors are deterministic functions of the central bank’s policy rate and two forward rates we chose.
Second, the above table reports, in the “direction” column, the move in the 10s30s after the prediction was made.
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This entirely disregards the presence of duration and convexity when we compare the model’s prediction accuracy
on different points of the curve (ot cutves/butterflies).

Bearing in mind these two caveats, we now show summary statistics that give us a picture of the directional validity
of model residuals as a relative value indicator. We test the same strategy outlined earlier (with the same entry/exit
criteria) on outright yield levels, but also on all curve trades and butterfly trades with a spacing of at least 4 years
between the legs of the trade. Why the choice of a minimum spacing between the legs? We wanted to avoid getting
artificially good results due to the methodology underlying our data sources. Suppose we were to observe incredibly
high hit rates on 8s9s10s butterfly trades. It’s very likely that if we observed the trade-by-trade performance we
would see that most of these come from 1bp moves in the fly away from its entry level, which in turn could be
artificially due to how the central banks’ bootstrap filter recomputes one yield relative to another and then rounds
to two decimal places when reporting. Adding a minimum spacing filter reduces the likelihood of this happening.

U.S. Treasuries U.K Gilts German Bunds
Strategy Hit Rate Skew N. Trades Strategy Hit Rate Skew N. Trades Strategy Hit Rate Skew N. Trades
Outrights 0,3829 1,4522 679 Outrights 0,6458 2,3659 271 Outrights 0,4155 2,1277 296
Slopes 0,4747 1,8279 6845 Slopes 0,3691 1,6414 3853 Slopes 0,5287 2,0401 4912
Flies 0,4524 29794 2522 Flies 0,5178 1,925 900 Flies 0,5477 2,1857 1707
Overall 0,4629 2,0916 10046 Opverall 0,4106 1,7313 5024 Overall 0,5286 2,0798 6915
Soutce: BSIC Source: BSIC Source: BSIC

Hit rates tend to be below 0.5 with skews mechanically above 1.0 due to the risk/reward parameters we set in the
entry/exit criteria of the strategy. We should put particular caution in the interpretation of the summary statistics
on U.K. Gilts: the out-of-sample portion of the data is half as long as the other two curves, and indeed we have
relatively a little number of trades per item (e.g. we only trade certain outrights 4 times in the out-of-sample
portion). To mitigate the influence of outright/curve/butterfly trades where we traded rarely, we report number
of trades-weighted averages of skew and hit rate.

One may also question the interpretability of hit rates across all maturities given the correlation structure we saw
when we applied PCA to residuals. We saw that certain very large groups of tenors tend to have residuals that
move in the same direction. But what are the hit rates within each cluster? We divide the curve into four buckets:
front end (yields below 4 years inclusive), mid (between 5 and 15 years inclusive), long end (between 16 and 24
years inclusive) and ultra-long end (between 25 years and 30 years inclusive). Once again, hit rates on items where
we did 7 trades are relatively less interpretable. Items that we traded more often (U.S. Treasury buckets, as well as
the front-end of the German Bund curve) show varied hit rates, all below 0.5. One would have to collect more
data to get a precise estimate, but the picture provided by the available evidence doesn’t suggest the presence of a
significant edge in outrights.

U.S. Treasuries - Outrights U.K. Gillts - Outrights

Average hit rate Average skew Average N. Trades Average hit rate Average skew Average N. Trades
frontend 0,5066 2,1190 20 frontend 0,593 1,2591 9,6
mid 0,4156 1,2553 23,2 mid 0,7101 4,0954 71
long 0,3659 1,3603 23,4 long 0,6497 2,3409 6,8
ultralong 0,3215 1,5046 22,3 ultralong 0,702 2,9010 8,9
Source: BSIC Source: BSIC
German bunds - Outrights
Average hit rate Average skew Average N. Trades

frontend 0,3732 2,4875 22,8

mid 0,4646 2,8326 6,5

long 0,3547 1,9337 7,8

ultralong 0,4813 1,7154 9,6

Source: BSIC
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We repeat the segmentation into the three buckets for curve trades and butterfly trades. Once again, where hit rates
are highest, they’re calculated on very small sets of trades on each item. However, certain sets of curve trades
exhibit interesting statistics. For example, curve trades between tenors in the mid and long buckets of the U.S.
Treasury curve show a hit rate just above 44% with a skew of around 2.08. Also, curve trades between tenors of
the front-end bucket and mid bucket of the German Bund curve had a skew of almost 1.92 with a hit rate of just
below 46%. A potential reason why curve trades on long end versus ultra-long end tenors may show better statistics
is that they’re buckets that share a higher degree of correlation and that the model fits relatively well compared to
the rest of the curve.

U.S. Treasuries, average skew

U.K. Gilts, average skew

German Bunds, average skew

Leg | (rows), Leg 2 (columns) frontend  mid long  ultralong Leg I (rows), Leg 2 (columns) frontend  mid long  ultralong | Leg I (rows), Leg2 (columns) frontend  mid long ultralong
frontend 20669 1,73 1,619 frontend 19177 20811 22615 fi d 18043 1,6711  1,5562
mid 17074 20782 15888 mid 19013 19306 20315 mid 14999 13940 15443
long 16597 19553 long 17089 24048 long 1,753 1,9576
ltral 22812 tral 2,5562 ltral 2,1374

Soutce: BSIC

Source: BSIC

Source: BSIC

U.S. Treasuries, average hit rate German Bunds, average hit rates

U.K Gilts, average hit rate

Leg | (rows), Leg 2 (columns) frontend mid long ultralong Leg I (rows), Leg 2 (columns)  frontend  mid long Leg I (rows), Leg 2 (columns) frontend  mid
frontend 03124 03328 04464 frontend 04588 03803 04456 fi d 05142 03982 03318
mid 04869 04481 05259 mid 04245 05291 0,6056 mid 04534 04162 0,3342
long 0,5243 05758 long 06142 0,6689 long 03391 0,1941
ultralong 0,5821 ultralong 0.6 ultralong 0,1509

Source: BSIC

US. Treasuries, average trades per item
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German Bunds, average trades per item
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The results on curve trades in U.K. Gilts are less interpretable because of the relatively small average number of
trades per item, so we struggle to comment more than we did on outrights.

The statistics on fly trades are relatively more encouraging. Once again, a small average number of trades per item
prevents us from being too optimistic, but we see that certain buckets of fly trades exhibited interesting
performance. For example, butterfly trades combining points of the curve in the buckets (mid, mid, ultra-long) and
(mid, mid, mid) of the U.S. Treasury curve have been relatively successful in that they had relatively high skew with
a hit rate of roughly 50%.

U.S. Treasuries

Leg | bucket Leg 2 bucket Leg 3 bucket Skew Hit Rate N. Trades
frontend long ultralong 1,7101 0,5190 19,8
frontend mid long 2,5885 0,2841 16,5
frontend mid mid 1,9055 0,3299 16,2
frontend mid ultralong 1,9919 0,3714 17,5

long long ultralong 3,778 0,5024 20,7
long ultralong ultralong 4,5797 0,5185 22,5
mid long long 3,3407 0,5172 20,3
mid long ultralong 3,2001 0,5000 21,2
mid mid long 2,8325 0,4775 18,2
mid mid mid 2,8052 0,3857 17,5
mid mid ultralong 2,7291 0,5455 16,5
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U.K Gilts
Leg I bucket Leg 2 bucket Leg 3 bucket Skew Hit Rate N. Trades
frontend long ultralong 2,1007 0,5000 7,50
frontend mid long 1,6631 0,6250 8,00
frontend mid mid 2,2807 0,6092 7,20
frontend mid ultralong 2,0913 0,5824 9,10
long long ultralong 1,4196 0,4430 7,90
long ultralong ultralong 1,8593 0,4643 9,30
mid long long 2,1364 0,5870 4,60
mid long ultralong 1,8092 0,3400 5,60
mid mid long 2,3401 0,6056 6,50
mid mid mid 1,3099 0,7083 6,00
mid mid ultralong 3,2955 0,3529 8,50

German Bunds

Leg I bucket Leg 2 bucket Leg 3 bucket Skew Hit Rate N. Trades
frontend long ultralong 2,7420 0,4902 12,80
frontend mid long 1,9486 0,4706 14,90
frontend mid mid 1,8414 0,4862 18,20
frontend mid ultralong 1,9563 0,4429 14,00

long long ultralong 2,6848 0,7607 11,70
long ultralong ultralong 2,1870 0,7636 9,20
mid long long 2,1034 0,6667 10,20
mid long ultralong 2,7246 0,5274 13,70
mid mid long 1,8491 0,5991 10,10
mid mid mid 1,7672 0,5909 11,00
mid mid ultralong 1,7600 0,4444 13,50

For other buckets we would be more cautious in the interpretation, since some of these buckets only group together
small amounts of individual items. Since we’re only considering symmetrical butterfly trades with a minimum
spacing of atleast 4 years between the legs, some of these buckets only include a small number of flies. For example,
while the (mid, mid, ultra-long) bucket of U.S. Treasury butterfly trades includes 36 different butterflies, the (long,
ultra-long, ultra-long) bucket only includes 6 traded butterflies.

We also performed an analysis of robustness of the generated signal to understand if stronger signals (both in terms
of Z-Score at entry and reversion indicator at entry) lead to better performance of trades. We group all trades in
the out-of-sample window by their Z-Score and reversion signal at entry (in absolute value) into ten quantiles, and
we report the mean hit rate in each of the 100 buckets of trades. The evidence isn’t as compelling as we’d like it to
be. Ideally, we would want to see higher hit rates for positions opened when Z-Scores and reversion indicators
were relatively large. This does not seem to be the case nor for the backtests on U.S. Treasuries, nor for those on
U.K. Gilts, and neither for those on Bunds — excluding a few cells of the heatmap. Perhaps the heatmap of signal
strength on the Bund term structure is the one that could persuade us relatively more, because cells in the NE
quadrant show relatively higher values; but again, the picture is relatively bleak.
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Mean hit rate by Entry Z-Score and Reversion Signal = U.S. Treasury outrights, slopes and flies
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Conclusions

This article was aimed at presenting the model, explaining the calibration logic, and examining the results when
applied to real data. The last task proved to be more challenging than expected, but due to a number of reasons
that are easily visible.

The first question we could ask is whether the setup we presented is indicative of how the model would be used
in a live setup, and the answer is clearly no. The first issue regards the input data: we should first define a filtering
scheme to select benchmark bonds for each maturity and then perform a bootstrap of our own. This also includes
the selection of an interpolation method for non-benchmark yields. Once this is done, in a bond context, one may
calibrate the model and obtain a model-implied curve, which could be then used to price benchmark bonds and
compute their spread relative to the model curve. These spreads could then be used as relative value indicators.

Another large question concerns whether the model shall be used as a systematic criterion or as an aid to support
RV views that one has ex-ante. In the former case, then one should hope for residuals to show the least correlation
structure possible. In the latter case, instead, one can accept the presence of significant structure in the correlation
of the residuals but must be aware of the portfolio risk implications of adding trades that have a very strong
correlation to the existing positions.

Given the empirical evidence in the related literature, it seems that the matter of specifying a form for the risk
premium is not something that can be avoided with the simple assumption of a constant risk premium. As this is
one of the aspects underlying the calibration procedure we used, this is probably a crucial aspect to be revisited.

Last but not least, more evidence on signal strength is needed to support the idea that the signal is worth trading;
the evidence presented here does not exhibit the positive correlation between signal strength and performance that
we’d expect — or perhaps measuring the hit rate alone isn’t enough, and a returns-based backtest that one could
obtain with a fully specified set of bonds as we mentioned earlier could provide more insights. We leave all of these
considerations here to aid future developments on similar articles.
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Appendix - Additional Plots

US. Treasuries

Skew on individual outrights, slopes and flies Hit rate on individual outrights, slopes and flies
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Model implied (given best alpha) vs empirical betas from regression - U.K. Gilts
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1.0y residuals, PACF(1) = 0.982

U.K. Gilt curve residuals - ACFs (red) and PACFs (blue) Functions of OOS Fitted Residuals by tenor
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