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Online Appendix - Relative Value in Rates: presenting and challenging the
Gauss+ model

This appendix explicitly derives the model solution sticking to the notation in Tuckman and Serrat (2022). All
expectation operators and brownian motions are defined under the Q measure unless otherwise specified.

Solving the model

We start from the three equations, where &, @, a; > 0:

dry = —a,(r, — my)dt

dm, = —a,,(m, — 1)dt + o,, (detl + deﬁ)

dl, = —a;(l, — wdt + o, dW}

Where the brownian motions are specified under the risk-neutral measure. Expanding the drift terms:
dr; = (—a, 1 + a,m,)dt

dm; = (—ayp,m; + ayl)dt + o, (path1 + mdwtz)

dl, = (—a;l; + au)dt + o, dW

Now let x; = (1, my, l;) and note how (signs chosen to follow the book):

dr; -a, +a, 0 Tt
dm, |=| 0 —ap +an|[me|dt+ -
dl; 0 0 —q Jt_,
dx; R(a) Xt

Where @ = (@, @, a;). If we further define i = (u, 1, p):

0 0 0 01/ 0
dx, = R(@xdt +| 0 |dt+|ps, 1—p2a, O||dW!
—R(a)u Q(0) dw;

Whete 0 = (0,,, 0, p). Which brings us to a clean matrix formulation:
dx; = R(a)[x; — gldt + Q(a)dW,

Now the problem is that R(«) is not diagonal, which means the model is still in cascade form. We want to
transform it so as to derive a form with three factors that move independently of each other. Assume we want new

factors X, that are related to x; in this way, for some A:
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x; — = AX;
If this is true, then also:
dx; = AdX;
And substituting into the cascade form equation:
AdX; = R(a)AX.dt + Q(o)dW,
dX, = [A71R(a)A] X dt + A~1Q(0)dW,

A convenient choice for A would be that of the eigenvectors of R(a). This makes the matrix multiplying X
diagonal. Recall that the eigenvalues of R (@) ate the elements on its diagonal since it’s triangular. Hence A = A(«@)
satisfies:

—-a, 0 0
R(w)A(a) =A(x)| 0 —a,, O
O O _al

Which leads us to the reduced form:
dX, = —diag(a)X.dt + A~ (a)Q(0)dW,
Rewriting the link between x; and X, gives:
xr =A@)X: + [

It can be shown that A(a) takes the form:

1 1

a, —a a, —a

0 r m r l
Ala) = ®r ar

0 0 (ar —a)(am — @)
aram
Reading this statement only in the first row:
re=1X,+u

By no-arbitrage, the price of a zero-coupon bond with maturity T at time ¢ is given by:
t+T
P() = E2 el %

Which, incorporating the relationship with Xy and u, becomes:
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P.(t) = E; lexp {— ftJrT(l’XS + 1) ds}l

Where the expectation is taken with respect to the risk-neutral measure. We need to figure out a way to rewrite this
in terms of the parameters. The reasoning is: if we can prove that X; is a Gaussian process, then also 75 is Gaussian
as linear functional of a Gaussian process; ultimately, the random variable inside the expectation is lognormally
distributed. If we know the mean and variance characterizing the distribution of X; then we can solve for the

) B J.t+rr ds
expectation of et TS,

First of all, we solve the SDE governing X;, so we can show that it’s normally distributed and compute its mean
and vatiance.

dX, = —diag(a)X.dt + A~ (a)Q(0)dW,
With the integrating factor e4128(®)t = diag(e®rt, e®mt, git).
ediag@t . gx 4 ediag(@tiag(q)X,dt = 128Dt . A=1(2)A(0)dW,
Notice how the left hand side is the differential of edi28(@ty, .
d(ediag(a)txt) — ediag(a)t . dXt + d(ediag(“)t)Xtdt
d(ediagl@ty ) = ediag(@t . gx, + ediag@tdjag(a)X,dt
So we can rewrite the expression as:
d(ediag(a)t 'Xt) — ediag(a)t -A‘l(a)ﬂ(a)th

Integrating between t and ¢t + 7 on both sides we get:

t+t
ediag(a)(t+‘r)Xt+T _ ediag(a)tXt — f ediag(a)s 'A_l(OC).Q(O')dVVS
t

And solving for X, we get:

t+t
Xeyy = e—diag(a)‘tXt _l_f e—diag(a)(t+‘r—s) . A‘l(a)ﬂ(a)dWS
t

If we have a starting value X; that is a constant, then all the randomness in X;, comes from the stochastic integral.
Since the stochastic integral is a linear function of the brownian increment vectors d Wy then the integral follows a
normal distribution. And thus also X;,; follows a normal. Since the stochastic integral has zero mean, we easily
compute the expectation of X¢4:

E; [Xt+‘t] = e_diag(a)TXt
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By ito isometry V(f Hyd VVS) = [ H H'!ds, we can compute its variance:

t+t
VeXere) = Ve ( f e diag(@(t+=s) -A—l(a)ﬂ(a)dws)
t

t+t
Vt(Xt+‘L') — f [e—diag(a)(t+‘r—s) . A—l(a)ﬂ(o.)][e—diag(a)(t+‘r—s) . A—l(a)ﬂ(o.)]'ds

t

t+t
VeXere) = f e~ WaB@OETI A (1) Q()][A(0) A7 (a) ]~ 8@ T s

¢
Taking out terms that do not depend on the variable with respect to which we’re integrating:
t+t

Vt(Xt+t) — [A_l(a)ﬂ(a)][Q(a)’A‘l(a)’] f e—diag(a)(t+‘r—s)e—diag(a)(t+‘r—s)ds

t

Evaluating V;(X;;;) entrywise:

t+t

Ve Xl = {[A_I(Q)Q(O')][.Q(O’)’A_l(a)’]}ijf o~ (@ita)(t+T=s) 4

The integral can be solved easily with a change of variableu =t +7—5s

T
t+ — o _ ra _ St
‘ —(aj+a)(t+1-5) o — ’ —(ajtau € (aitaj)u e (aj+aj)T 1 B 1—¢ (aj+aj)T
e j ds= | e ?Mdu = = + =
‘ 0 —(ai + @) . —(;+a) —(a;+a)) a; + a;)

Which leads to the formulation:

1 _ e—(ai+a’j)‘r

Ve Xero)lyj = (A7 (@) Q(0)][(0) A7 (@) By - ——— @)
12 ]

Ok. So let’s go back to the formulation of P;(7) in terms of X;. We simplify it a bit:

P.(t) = E; lexp {(— ftHl’Xs ds) + ,ur}l

The integral f ttH 1'X, ds is a linear function of X, which as we said follows a normal conditional to X; for all

s > t. Hence the integral follows a univariate normal, with a certain mean m and variance v2, If we can compute
m and v, we then know that:

t+1 1,
Pt(T) =E, lexp {(_f 1'X, ds)}l p—HT — o HT-Mi3v
t
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Ok. Now let’s compute m and v2. We start with m:

t+1 t+1
m = E, l(f 1'X, ds)l = f 1'E.[X;]ds
t t

Since |1'Xg| has finite expectation, we can swap integration and summation by Fubini’s theorem Then by
substituting in the formula we derived for E;[X;] and with a change of variable u = s — t we get:

t+t T
m= f 1re—diag(a)(s—t)Xt ds = Xt f 1le—diag(a)u du
t 0
> ot ° 1 — 7"
m= z (thf e‘“i”du> = z (X; —)
: 0 : a;
i=1 i=1

Now define a vector B(t, @) of the form:

Then m can be conveniently rewritten as:
m(t,a) = B(t, 2) X,

Now, to compute the variance of the integral, let’s rewrite it with the solution of the SDE for X:

t+t

1,Xt+‘r =1’ (e—diag(a)rXt +f e—diag(a)(t+1'—s) -A‘l(a)Q(a)dWS>
t

t+t
1,Xt+1' — 1le—diag(a)‘rXt + 1'[ e—diag(a)(t+1'—s) . A‘l(a)ﬂ(a)dWS
t

The variance of the integral of 1'X; only comes from the integral of the stochastic integral:

t+t t+1 S )
v2 =V, (f 1'X, ds) =V, (f (f 1/ g ~diag(@)(s-u) -A‘l(a)ﬂ(a)qu> ds)
t t t

Since the term H(s,u) = 1'e~4128@G-w) . 4=1(g)O(0) is squate integrable, by Fubini we can swap the orders
of integration:

t+1 t+t ]
v2 =V, (f (f 1’e‘d‘ag(“)(s‘“)ds> -A‘l(a)ﬂ(a)qu>
t u

Setting Z = s — U in the inner integral we get
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t+t t+t-u _ pap(t+Tt—u) _ yam(t+T—u) _ at+t—w)\’
f 1re—diag(a)(s—u)ds — f 1le—diag(a)zdz — (1 e 1—em 1—e® .
u 0 Ay U ap
=g(t+1t—u)

Plugging this new term into the variance of the other integral we get:
t+t
v2 =V, (f gt+7t—u)A 1 (a)Q(0) qu>
t
We use Ito isometry and we obtain:
t+1
v? = f [g(t+7—w)'A Y (@)Q(0)][g(t+1T—u)A (@)Q(0)] du
t

Expanding componentwise the quadratic form inside the integral:

t+t

v? = z[A‘l(a)Q(a)Q(a)’A‘l(a)’]ij f git+t—w)iglt+t—u);du
W t

The TS appendix defines 0;; = [A™ (@) Q(0)Q(0)' A7 (a)'];; for ease of notation.

t+1 11 — eai(t+r—u) 1— eaj(t+‘r—u)
vZZZ{an l H ldu}
¢ a; a;

iL,j

By the change of variable h = t + T — u, and expanding the product of the two exponentials:

O'.. T
v? = E {a;f (1—e“ih)(1—e“ih)dh}
ij - 00
2 O-ij ‘ —aijh —-aih —(a-+a')h
Ve = T 1 —e 4t — 74t 4 o \EiT4IN dh
a; ),

i - v

O-l'j 1 _ e—air 1 _ e—a]"[ 1 _ e—(ai+a]-)‘r
v? = z T— +

a;a; a; a;

iqj i ai-i-aj

Lj

Ok! So now we can plug m and v into the expression for the price of a ZCB. More cleanly, let’s define the price
of a ZCB in terms of its ZCB yield:

Pi(7) = exp(—y:(1)7)

1
ye() = ——log P,(1)
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1
Recall that P,(t) = e™# T=m+29% oo then:

=~ {-ur—m+3v?]

ye(®) = ——{—pr —m+-v
@ =+ =
Vel =p+—=5-V

Good. Now, in order to stick to the book’s notation, define a new vector:

!

1. 1l—e™®" 1—e m? 11—~ @t
B(t,a) = ~B(1,a) =< )
T a,T AT aT

And also a new quantity C(7, @, 0) defined as:

- 3 3 O_l] ~ 1 — e~ T B 1— e—aj‘[ 1— e—((li'l'a'j)f
C(r,a,0) = 5 1 +

a;a; a; a; . .
i=1j=1 7/ it it (al + 0{])’[
3 i o 1— e—(ai+aj)‘r 1
— 1-B(t,a); — B(t,a); + ————| = —v?
i=1 j=1 zaiaj (ai + aj)T 2t

Since m = B(t, @)X, we finally get to the formula from the book:
yt(T) =u- C(T, a, O') + B(T, a)Xt

Now, this gives us the link between a yield of a ZCB with maturity T at time t (so essentially the whole yield curve)
and the reduced form factors X;. How do we link yields y,(7) to the cascade form factors x; that we began with?

Recall that x, = A(@)X; + [, which equivalently can be rewritten as X; = A~*(a)(x; — f£). We substitute this
into the formula:

y:(t) =p—C(r,a,0) + B(r, ) [A™" () (x; — )]
y:(t) = u(1 - 1'B(r,a)A" () — C(r,a,0) + B(r, @) A" (a)x;
yt(T) = ‘Ll(]_ - 1'V(T; a)) - C(T' Q, O-) + V(T; a)xt

The book calls (7, a@): = B(t,a)A™(a) the vector of factor loadings. In other words, they express the partial
derivative of y;(7) to each of the cascade form factors.

We can also obtain an expression for the forward rate at time t for a forward between times T and T + T’

fi() = y(l —1'y*(z, a,r’)) +y*(t,a,t)x; — C*(t,a,0,T")

Where we have defined factor loadings and a convexity term for forwards as:
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vt art)= % [B(r+1',a) — B(r,a)]A(a)~?

1
C*(t,a,0,7") = = [C(t+71',a,0)—C(T,a,0)]
Calibration of the model

Tuckman assumes that 7 is the observed fed funds rate at t. It can be shown that the first factor loading (the
loading to the short rate) depends only on a;..

It can be shown that A~!(a) takes the form:

1 oy Ar oy
Ay — Uy (ar - am)(ar - al)
a,.a
1 _lo r rim
4 (a) Ay — Uy (ar - am)(am - al)
0 0 Ay oy

(ar —a)(am — @)

Thus the product y(t, @) = B(t,@)A™ () has first entry equal to B(t,a); = 1_;%. The procedure in

Tuckman works as follows:
1. Take a candidate value for a,
2. Subtract y(T, @), - 1 from both sides of the relationship between yields and factors
Y@ —y(@am = p(1 - 1y(r,@) - €, a,0) + 7% - y(@ ar;
The equation now does not involve 73 any longer on its RHS, since
Y@ a)x, —y (T, a)i1 = y (T, @)ome + v (T, @)sly

Now define J.(t) = y;(r) —y(r,a);1; and X; = (mgl;). Also, let’s write ¥(T,a)=
(Y(Tr a)z; V(T, a)g). We have:

f’t(T) = #(1 - 1’)/(7'—1 (l)) - C(T, a, O-) + ]7(1-' a)ft

3. We now assume that two points on the yield curve are priced exactly by the model. For example, the 2y
and 10y yields of the curve. We stack them into a vector yb, = (yt(Z),yt(lo))'. With the usual
transformation, we also define:

yb, = [;7((120))] - [)3]((120))_—];/(8,02)1:;]

This means we can invert the equation linking a generic yield J,(7) to X; to solve for X; based on yb;:
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ol = L6~ tyase] ~ e el o e, 0w t]

If we take the first difference of both sides of the equation, we get:

[ Ay (2) ]

A (10) < Y2 a); y(2a); ) [Amt]

y(10,a), y(10,a)3/ | Al

Yp(a)

Which then gives us AX; =Y, (a)_lA%t. We use this to relate the first difference of any yields in terms
of the first difference of the 2y and 10y.

Ay (7) = 7(z, @) AX,
Ay (7) = [7(z, )Y, (“)_1]A5’T7t
In the first stage, we estimate B(7) = 7(7, @)Y, () ™! with an OLS regression for each maturity 7.
o) AT\ AT
B(@) = (aybiayb.) AybiAy

Then, as 7(7, @)Y, (@) "1 is a nonlinear function of a, we pick a solving:

min Y [[7(x )% (@) = B’

T

4. Once a is estimated, we use the estimate @ to estimate 0 minimizing the distance between model implied
yield volatilities and realized volatilities of constant-maturity yields.

According to the model, the benchmark yields A%t should have varcov equal to:
Ve(8ybe) = Yy (a)V, (AZ)Y, (@)

We call (o) the diffusion matrix of (my, l), taking the same form as Q(a) but without the zeros in the
entries relating to 1. This gives:

2
V(0% = 0(0)0(0) At = ( Om P “’”"l> At

Pom0y o/’
So the model-implied variance of changes in benchmark yields shall be:
V.(85B:) = [¥o (@)oY Y, () ]t
Using this, we can compute the model-implied variance of A, (7) for a generic T:

V(45.(0)) = [7(z, @)Y, (@) 71V, (Ayb, ) [7 (z, @) Yy (@) T’

All the views expressed are opinions of Bocconi Students Investment Club members and can in no way be associated with Bocconi University. All the financial
recommendations offered are for educational purposes only. Bocconi Students Investment Club declines any responsibility for eventual losses you may incur
implementing all or part of the ideas contained in this website. The Bocconi Students Investment Club is not anthorised to give investment advice. Information,
opinions, and estimates contained in this report reflect a judgment at its original date of publication by Bocconi Students Investment Club and are subject to change
without notice. The price, value of and income from any of the securities or financial instruments mentioned in this report can fall as well as rise.
Bocconi Students Investment Club does not receive compensation and has no business relationship with any mentioned company.

Copyright © 2026 BSIC | Bocconi Students Investment Club 9



25lel BOCCONI STUDENTS
p INVESTMENT CLUB Find our latest analyses and trade ideas on bsic.it

V. (47:(D) = #(z, @) ¥, (&) "'V, (@) - U(0)Q(0)" - V(@) (Y (@) ™") 7(1, @)’

I I

V:(87:(0)) = 7(z, )2(0)0(0) 7(z, @)

We shall compute the difference between the varcov of all A¥,(7) for all T, and the sample varcov of all
yields. Note that the model implied varcov is calculated with our previous estimate of &.

& = arg mainz 17, 8(0)(0) 72, &) - Var(ay@)||

5. Lastly, we pick u to minimize squared yield errors in time across all maturities. How? Given our estimates
of all other parameters, and a candidate value for y, we can obtain the latent factors (my, l;) inverting the
equation that links them to the 2y and 10y rates:

/v e I e R e R v | R

Or otherwise by inverting the equation linking the latent factors to two forward rates, say the 2-year and
10-year forward 1y rates. Recall that the 2-year and 10-year forward 1-year rates are linked to x; via:

2 =u(1-1y7'2,a1)+y' (2 ax, —C'(2,a,0,1)
f:(10) = u(1—1'y*(10,a, 1)) + y*(10,, Dx, — €*(10,a,0,1)
Which means that we can solve for x; with:

[ ft(z) ] _ [Y*(Z; a, 1)1rt]
f:(10) Y (2,a, 1)1
— 'u(l - 1,)/*(2' a, 1)) )/*(2, a, 1)2 )/*(2, a, 1)3 my C*(Z, Q,o, 1)
B Li(l —1'y*(10,a,1)) [y*(lo, a,1); y*(10,a, 1)3] [ le ] B [c*(1o, a,o, 1)]

Adopting the same notation that we used when subtracting the contribution of the short rate from zero
coupon rates, so that f;(t) = f; () — y* (1, @, T')17%, we have:

r'@ae, y@a 1>3]‘1([ﬁ(2) _lu(l—l'y*(z,a, D) +[c*(z,a,a, 1)D ]
)/*(10, a, 1)2 Y*(lo' a, 1)3 ft(l()) ,Ll(l - 1’)/*(10, a, 1)) C*(]-O' a, o, 1) lt

The difference between the two methods is that inverting the equation with forward rates gives a clearer
meaning to m, and [,. They’re factors tracking the risk-neutral expected path of the short rate.

Once we’ve done that, we use the fitted factors to price all yields in conjunction with the candidate value
for 11 and the other six estimated parameters. This allows us to compute a difference between model-
implied and actual yields, which we use to pick the best ji:
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T
ft = arg min E HYt _?JtH
S
=1
Where Y, is the vector of model implied yields across all maturities, and ¥, is the vector of actual yields
across all maturities, both at a given time ¢.
Deriving risk premia

We assume only the long factor earns a risk premium. Define P(t,T) to be the price of a bond with maturity T at
time t. We’re going to derive its dynamics under Q. We know that under Q) its expected return over a very small
time hotizon dt shall be 1,dt, because every discounted price is a Q-martingale. For what concerns its diffusion,
we will derive it starting from the very first source of risk: the yield. Recall the equation:

Y(&T) = (1= 1Y(T = D) = C(T = ) + (T - O,
We omit dependence on model parameters for ease of writing. Now, since y(t,T) is affine in x;:
dy(t,T) = [uy]dt + y(T — )QdW,

We denote by p,, the drift term for y(t, T), which we’re not interested in calculating for now. The log price is an
affine function of the yield, since p(t,T) = log P(t,T) = —(T — t)y(t,T). Hence:

dp(t,T) = [up]dt + [—(T — Oy (T — O)QldW,

Once again, we don’t derive [, for now since we’re only interested in diffusions for now. Now, the price of a bond
P(t,T) is an exponential function of p(t, T), so:

oP(t,T) O0P(tT 19%P(t, T
(t7)  OP@T) — 10°P(LT)

AP, T) = |—3; Pt (T -y (T -0 - (=T -y - )Q)'| dt
oP(t,T)
+ T(—(T —t)y(T —t)Q) | dW,
And since:
aP(t,T) _ 0 ap(t,T) 0°P(t,T) _ b
at oap ~  opr
dp(t,T) 1 5 , )
T =y + 5T = 02 (1 - D0y (T -0 ] dt + [—(T — Dy (T — )Q]dW,
But as we mentioned in the beginning we must have E [dPS'T)] = 1;dt. So then:
dP(t,T)
—p - redt — (T — t)y(T — t)QdW,
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By Girsanov, if we switch to the P measure, we would define a brownian motion W with:
dwf = dw, + A.dt

Wherte A; is a 3-item vector of prices of risk, one per factor. We assume that only the long factor earns a risk
premium. So that:

=0 0 A)
This means that under the P measure, the differential of P should look like this:

dP(t,T)

Pen | + (T = t)y(T — t,@)30,| dt + [-(T — )y(T — t,)Q)dW/}

compensation for risk

The compensation for risk is the product of the bond’s duration (T —t), the loading to the long factor
Y (T — t, @)3, the volatility of the long factor, and a price of risk A;. Now define:

tp = Plry + (T = )y (T — t,a)30]
op = P[—(T — t)y(T — t, )]
Now consider the log price of a bond, p(¢t, T): = log P(¢t, T). By Ito’s lemma:

11

1 , 1 .
F,up —EEUP:I dt + [—O'p] th

dp(t,T) = .

1
dp(t,T) = |ry + 2,(T — t)y(T — t,a)50; — E(T — )2y (T —t, )00y (T — t,a) | dt
+ [—(T — )y(T — t, )Q)dW}F

This will help us in a second. Consider a strategy designed as follows:
1. Buy a ZCB with maturity T + AT at time ¢
1. Sell a ZCB with maturity T at time t

The returns of the strategy should be equal to the forward rate with tenor AT locked in at time ¢, minus the At
maturity yield prevailing at time 7. The strategy’s returns can be written as:

Ri =[p(r, 7+ A1) —p(t, 7+ AD)] = [p(zr,7) — p(t, )]

Recall the definition of forward rate at time ¢ with maturity T and tenor At:

p(t,t) — p(t, T+ A1)
AT

fe(m) =

We rearrange the terms in R{ and get:
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Ri = [p(t, 1) —p(t, 7+ AD)] = [p(7,7) — p(7, 7 + AT)]

R = [fe(D) - fr(D]AT

What EP[R]]? Well, we have a form for dp and we can integrate over time.

Ef[RF] = E, Urdp(u,r + A1) — frdp(u, T)l

t

Ef[R}] = E, Urd'p(u,r + Ar)l —E; Urdp(u, T)l

To evaluate the two expectations we only care about the drift summand of each of the two differentials, as the
diffusions have expectation equal to zero.

T
EF[R}] = f 1, + A, (T + At —wy(t + At —u, a);0
t
1
~3 T+At— Wy +At—u, )00 y(t+ AT —u,a)'du

T
1
— f r,+ A, —wy(T—ua);o — 5 T—w?y(r—u,a)0Qy( —u a) du
t
Tuckman assumes E¢(4,) = A;. So we treat it as constant. To simplify this integral, define:

1
h(z) = Aezy (2, )30, = 5 2%y (2, QY (7, @)’

And then

T T
EF[RF] =fru+h(T+Ar—u)du—f 1, + h(t — w)du
t

EF[RF] = fr[h(r + At —u) — h(t —u)] du

Now perform a change of variable s = 7 — u:
-t
EF[RF] = f [h(s + AT) — h(s)] ds

0

We split the integral again:

EF[R}] = ff_th(s + A1) ds — fr_th(s) ds
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T+AT-t -t
EF[R}] = f h(u) du —f h(u) du
At 0
Which one may rewrite as:
T+AT-t At
EF[RY] = f h(uw) du —f h(uw) du
-t 0

Tuckman now assumes that the contribution of the second term is approximately zero for very short u. Hence the
expected return is entirely given by:

T+AT—t
EF[R}] = f h(uw) du
T

-t

And with a last change of variable u = t + AT —t — s for s € [0, At]:

At
EtP[Rf]:f h(t+At—t—s)ds
0

RP4(t,T,AT)

At

EF[RY] :Atf [t+At—t—s)y(t+ At —t —s,a)30;ds
0

At
—f E(T-}-AT—t—S)z}/(T-l-AT—t—S,a).Q.Q.’)/(T-l-AT—t—S,a)']dS
0

RP.(t.T,AT)
Using these two amount of risk terms we get:
EF[RF] = 2,RP4(t,7, A7) + RP.(t,7,AT)
So we can tie it all together with the forward rates:
Ef[R] = ECIfe (1) — (DAt

E{[R{] = (f:(® — EL[f:(DDAT

The forward rate at T for a very short horizon AT = 0 can be approximated with the short rate 7;. Why? Here is a
simple argument:

£() = p(t,t) —p(t, T+ A1) _ _p(T,T + A7)

At At
T+AT
log E‘L’ I:e_f-,_-+ Tsds]
fe(t) = — AT
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If we expand the integral to first order:

T+AT

e~ S, rsds

1 —1rAt + o(A7)

So then
1
f:(o) = —Elog E.[1 — 1At + o(A7)]
Since everything in the expectation is now T-measurable:
1
fi(v) = —Elog[l — 1At + 0(A7)]

And by a first-order expansion of log(1 + x):

At + 0(AT)

fi(@) = T = 1 + o()

Which explains why f;(T) = 7; as AT = 0. We now use this fact to write:
ARP,(t,7,AT) + RP.(t,7, A7) = [f;(z) — EF[r;]]AT
In order to identify A;, we need to choose two maturities T, T’ that fulfill this condition.

A:+RP,(t,T,AT) + RP.(t, 7, AT)
At

= [f:(® - E{[r]]

A:RP4(t,t',AT) + RP.(t, T, AT)
At

= [ (@) — E{[r]]

A¢+[RP(t,7',At) — RP(t,7,AT)] + [RP.(t, 7', AT) — RP.(t,7,A7)]
At

= [f: @) = fe(@] = [Ef () — EF ()]

For very large 7, 7', Tuckman simplifies EF(r,) — EF (r;7) by the properties of mean reversion of the short rate.
Hence:

. [f: (") — fe (D] + [RP.(t, 7, At) — RP.(t,T,AT)]
‘ L [RP,(t, 7, A7) — RP4(t, 7, A7)]

And if we can make than estimate for A, then we can compute the real expectation of Ef (1;) as:

A:RP;(t,7,AT) + RP.(t,7,AT)
At

E{f (r) = fi(D) —
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